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ABSTRACT 

Small departures from steady flow of a subsonic circular 

jet in an incompressible lnvisoid fluid are described in terms 

of a series of wave mode functions.  The potential of a typical 

component mode is: 

V • CR ( (a + ip)r)H(9)exp(int + (a - lp)z) 
8 8 

This represents the velocity potential in cylindrical coordinates 

with z measured along the Jet axis.  C is an arbitrary constant, 

RQ, a •modified" Bessel function representing Ifl inside the Jet 

or Ks outside. H_ is a unit amplitude periodic function of 9. 

On the Jet surface this represents a series of s longitudinal 

ridges modulated slnusoidally along it and moving downstream, or 

s spiral ridges or both. 

The instability of columnar flow is described by the 

growth in amplitude along the Jet.  The stabilizing influence of 
• 

viscous forces in real Jets results in disintegration into 

terminal turbulence at a much slower rate than would be inferred 

from the idealized theory.  The analysis is carried to a point 

where, except for certain incomplete portions pointed out in the 

text, it is suggested that further advance looking to a definitive 

rationalization of this phenomenon in real Jets, Is most eccnom- 

lcally made with the help of experiment.  Theoretical and experi- 

mental w«>ve transmission techniques are applicable. 

In suitably controlled experiment, the structure of the 

terminal turbuDent field is visibly dominated by the character- 

istics of the perturbation. 

I 
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A Study of the Physics of 

Perturbation of Subsonic Circular Jets 

1. Introduction 

When an air Jet Is observed by means of smoke Intro- 

duced into It, the pattern of flow may be found to vary consid- 

erably from one experiment to another*  Under circumstances 

which will be defined, any departure from steady flow may be 

described as the sum of a series of orthogonal wave mode func- 

tions.  This report contains an outline description of such 

functions and of their properties*  On account of the difficul- 

ties otherwise introduced, the fluid will be assumed incompres- 

sible and lnvlscld.  The limitations of this assumption will be 

commented on briefly* 

The "unperturbed" Jet will be understood, for the pur- 

pose of this discussion, to describe the hypothetical reference 

condition in which the flow rate is sensibly constant oyer a 

circular section to some point downstream where a break occurs 

into an expanded fluctuating flow region.  The most prominent 

characteristic of this fluctuating region In the reference 

state is the appearance of a succession of more or less well- 

formed discrete coaxial vortex rings*  Each ia formed at the 

tip of the cylindrical column by au outward roll-up of the cyl- 

indrical yortex sheet surrounding the Jet until its strength is 

such as to detach Itself and then permit another to form In the 

same way* After a steady state has been established, the time- 

average length of the Jet remains constant and the sum of the 
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strengths of the vortex circuits detached per unit of time la 

equal to the strength of a length of vortex sheet extruded from 

the nozzle In the same time.  An unlimited expansion of the 

fluctuating region in real jets is prevented by the dlasipatlve 
i 

action of viscous forces and the idealized symmetrical struc- 
f 

ture never obtains because it is also unstable, though to a 

lesser degree than the Jet, and is subject to everpresent per- 

turbation tending toward random turbulent*.  This reference con- 

ditlon substantially describes the "sensitive" Jet of the early 

literature. 
j 

If the reference Jet is perturbed near Its base by an 

Impulse of some kind, the local disturbance so caused is car- 

ried downstream by the current of the Jet, 

A columnar flow of fluid is In unstable equilibrium* 

One of the manifestations of Instability is the break of the un- 

perturbed Jet into a terminal field of discrete vortex circuits* 

A second consequence of instability is that the transported local 

disturbance caused by an impulse at the base, grows in magnitude 

as it travels*  If the Initiating impulse is small enough, its 

growth along the Jet follows an exponential law and its influ- 

ence on the terminal field is negligible*  If it la large enough, 

the exponential increase may obtain for a certain distance along 

I       the Jet after which a nonlinear disintegration process begins 

which may modify or dominate the terminal field, substituting in 

its place, a field which la more characteristic of the perturba- 

tion.  If the perturbing force at the base is still larger, the 

whole jet column will show a pronounced atructure and the terminal 



process of fragmentation will be radically changed* 

The agency which produces the perturbation may be 

either external to the system, such as a vibration impressed 

on the nozzle, a sound wave, or air currents, or it may be a 

self-excited oscillation in the Jet stream caused by a favor- 

able nozzle contour or projections, and a proper flow rate* 

Tt\a  presence in the stream of particles or other inhomogenei- 

tiea also produces such effects* 

The phenomena which cccur within the range of ampli- 

tudes of waves on the jet resulting In exponential changes are 

the subject of this report.  In this range the traveling dis- 

turbance may be treated by linear perturbation theory.  The re- 

sults of this theory may be used aa a guide in qualitative 

reasoning concerning the phenomena observed at larger ampll- 

tudes.  In particular, It Is useful in speculation concerning 

the nature and granularity scale of the resulting fragmentation 

of the Jet. 

The procedure is to deduce and classify the orthogonal 

wave mode functions or mutually independent patterns of mo- 

tion, each of which, when excited at any single frequency, is 

transmitted aa a wave along the Jet without change In form* 

Any mode, when excited by more than one frequency or when the 

flow is unsteady, gives rise to wave group phenomena, as the 

phase velocity varies with frequency* A central problem Is to 

find the Fourier-Eessel expansion c' *n arbitrary initiating 

disturbance*  This study is limited to the most prominent com- 

ponents of such expansion. 



This report is principally aimed at provldinc a concep- 

tual picture of a aignificant aspect of subsonic Jet action, 

and to provide the basis for an experimental approach.  While 
i 

many diversions suggest themselves in this study, such material 

is reduced to a minimum consistent with its physical objective* 

The divergence of experimentally observed phenomena 

from the corresponding idealized calculation la principally due 

to the omission of viscous forces in the theory.  In a medium 

auch as vater or air, this is not so serious, for the lover 
! but tkat tmey 

modes of propagation, may be readily recognised, and the theory 
/A 

of photographs snd quantitative measurements on certain prooer- 

ties of Jets related to the theory dealt with in this report, 

Proc.Phys.Soc. Lond. lj.7, (1935)? k9  • (1937). 

air. Stand, report RP 1772, Feb. 19I4.7. 

usffully employed in cheir interpretation and study.  The higher 

order fine-grained modes however may be largely obscured.  To 

deal with the practical problem in this region a more difficult 
• I 

theoretical procedure la in prospect. 

The early work on stability of Jets Is summarised in 

Rayleigh "Theory of Sound" Vol. II.  A very Interesting series 
i 

i 

J 

i 
have been published by G. B. Brown*   As one Illustration, which 

has been more recently worked out, of the effects of viscosity, 

reference is made to "Laminar Boundary Layer Oscillations, etc." 

by Schubauer and Skramatad.  While this work does not apply to 

the problem here considered, except indirectly as a possible 

perturbing mechanism within the noszle, it gives s good Illus- 

tration of what is probably in store for the extension of the 

theory to Include viscous sffects. 

.3 



2. Squationa of Motion 

In the idealized theory, a jet la supposed to consist 

of anlrrotatloaalflow In an Incompressible fluid.  In such a 

case any component of velocity and the pressure may be derived 

from a scalar potential, V, and the condition that the flow be 

incompressible la ^Iven by the Laplace equation: 

W= 0 (1> 
This will in general exclude the possibility of con* 

slderln/ the action of viscous forces* If we find the func- 

tion V (x,y,z,t) which satisfies this equation and the boun- 

dary conditions, the velocity la given by its negative gradient. 

In the circular Jet the symmetry Is cylindrical ao 

that the convenient form for (1) la: 

b 7T
+rdr Vd9l *P"~U (2) 

in which r,*,i are the cylindrical coordlnatea.  Being linear, 

a typical solution of this equation may be obtained aa a pro* 

duct RHZT where each factor Is a function of one variable, 

radius, angle, axial distance, and time, only*  The particular 

form of solution of Interest In this Jet atudy la one repre- 

senting waves and a typical term in auch a solution let 

V= CR exp(mt-ise-imi) 
in which case the differential coefficients with respect 

to t, 6 , and z may be replaced by algebraic operatore: 

(3) 

£s'lrn   sv-i5>   tArn 
<fc> 



Eq.   (2)   then reduces to e simpler form representing the  typi- 

cal case: 

where  the  primes  represent  differentiation with respect  to r. 

In order to mako V a single-valued function it will be  seen 

from  (3)   that  s must be  an  integer or aero* 

This  is Bessel's equation with a general solution: 

V= AI,Unr)   +BKsCmr) (6) 

in which A and B are understood  to contain the t, 6   ,   t fac- 

tors of  (3)   only. 

The  functions  I, and Ka  are non-oscillating.     I§,   for 

small values of the  argument,   is finite  and increases expon- 

entially for large values.    Ig  for small argument approaches 

Infinite values and decreases exponentially for large argument* 

Inside and outside  the  Jet  are two separate domains* 

Inside,   the potential will be designated V^-Ws, V^ pertaining 

to any perturbation and -Wa the steady value of the unper- 

turbed  Jet*    W Is the stesdy velocity in  the direction a,   of 

flow.     Outside the  Jet the only potentlsl  Is that of the per- 

turbation.     It will be designated Vg*    To make the potential 

finite  on the  Jet axis  and at infinity we must have: 

V,*AIj(•Oj V; = BK$(mr) (7) 

The constants A and B are determined by conditions at 

the vortex sheet or bounding surface of the Jet.  These are 

that the normal component of velocity of fluid inside and out- 

side are equal and that the pressure Is continuous* 

If the unperturbed radius of the Jet Is "a" and its 

:i 
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small outward displacement at the point (r, 9, r) is q, when 

perturbed, then the Instantaneous outward velocity of the 

sheet at this point Is q • lnq.  Let u, v, w repre*«nt the r, 

0 , and x components of fluid velocity of the perturbation 

which is suoerposed on W, the steady flow which la fixed in 

the 2 direction.  The particle velocity components Inside the 

Jet are then u., v., (w, *W) and outside, simply Up, v^* *.. 

The small radial component of velocity of a particle Just In- 

side the Jet Is the first total time derivative of its instan- 

taneous displacement q.  In cylindrical coordinates this is 

given by the kinematic formula: 

At   it    dr r   i» at 
(8) 

Since q Is by definition, not a function of r, the second 

term dlsaopeara.  If the displacement q were constant, the 

first term would disappear leaving the last two to represent 

the radial component of the resulting steady flow along the 

static displaced and oriented surface.  The orientation Is de« 

fined by its slopes  -$-  and i3L      •  Of these terms, all 

but the first and last containing the factor W are of second 

order and negligible. 

AXl<t = |*- + \A/|* = Un-mW)f (9) 

Similarly, the particle velocity Just outside the vortex 

sheet Is, to first order: 

%= fe - <-n (10) 
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From {7) *• obtain the particle velocities: 

u.r-ILs-WU^*'); «t=-mB)0"
r>     (u) 

where the primes refer to differentiation with respect to 

the whole argument, it being understood that m is a constant 

in this differentiation.  When r • a these may be substituted 

in (9), (10). 

-mAI^t**) = i(^-^w^V (12) 

-mBKgl^) = *•"% (13) 

These determine the ratio A/B. 

The general expression giving the hydrostatic pressure p, is 

-fc-n £Z _JL [U1 *V* + (*1-W] 

--£-iO£>XgM"-£f)    (15) 

n        IT 

Outside the jet 1 « 0.  We then have: 

At the Jet surface these must be equal: 

AIs(m<x) 

(16) 

BKelmo'     h'mW 
(17) 

r   ^V +  W' 3V       in tke first erder 

* 



This, with (II4.) gives the secular equation relating the fre- 

quency n, the propagation constant or wave number at, and the 

order number a, which must be satisfied In order to satisfy 

the Laplace equation (2) and the wave form (3) simultaneously* 

K;I»     * 
For the purpose of study of this relation,  It is  con- 

venient to define x • ma and g « ns/w.    The  first is then the 

wave number In units of the reciprocal readlus of the  Jet* 

Physically,   if m is real then m • 2jL       and z * glfe or 

m • 2TTf/c and x • 2TIfa/o where c is the phase velocity*     If 

on the  other hand,  n is  real,   it must be  2]T f and g • 2TTfa/W. 

Mow 2TTa/W is the Interval of time taken by the jet to tra- 

verse the distance 2TTa equal to its circumference*    Thus g 

is the dlmensionless frequency In units of W/2TTa,  a fixed 

characteristic of the  Jet* 

KsWltwi f (19) I 

i 
In a study of the nature of the roots of this equa- 

; 
tlon, It Is convenient to modify its form* Two other useful 

forms mey be obtained by use of the following recurrence 

formula: 

xi;=sis+xiw =-si>AiH (ao) 

anj 

K5 Is=   KSI5 - -Jf (21) 



If we define B as follow*: 

£< = K1<.I. + *Ia„>»K.<-aIs + *I.-i> 

The secular equation may then also be written: 

10 

(22) 

(23) 

Generally, either x or g nay have an assigned complex 

value, after which (23) determines a complex value for the 

other*  The simplest physical interpretation results when one 

or the other is chosen real. 

9 
-* 
s 
'* 
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3« classification of Modes- Fluting Factor 

The characteristic *-ve node* or propagation channels 

are Identified by the order number "a".  The surface of the 

jet Is fluted, the pattern comprising a longitudinal ridges 

which may be parallel to the axis or spiral or a combination 

of both. 

If an arbitrary periodic disturbance be Impressed at 

some "drive" point on the jet, the result may be described as 

a complicated distribution of potential in a thin plane lamina 

passing through the jet perpendicular to its axis at that 

point*  This potential distribution Is then passed on to suc- 

cessive planes, mostly downstream, changing its distribution 

and amplitude as it travels.  If this general disturbance be 

then broken down Into single frequency components, each such 

component may be thought of as initiating a propagated wave 

in each of a series of independent channels or wave modes. 

Each such mode has its own characteristic potential distribu- 

tion.  The representative component elemental mode la denoted 

by the letter "s". 

A specific solution for the s mode which is general 

enough to describe any steady state wave, consists of the sum 

of terms obtained from the typical wave form (3) by substi- 

tution in it of every combination of poaaible values of *» n, 

and m, as obtained from (23)*  Each such term alao contains 

an arbitrary constant factor to be determined by further 

physical consideration. 
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Whatever the relative values of n «md m might be (or 

x and g), the kinematic constant s is always a reel Integer or 

zero.  If we define a aa positive, the possible values are 

0. t.\    ±.Z,    etc*  Ths integer s is also the order number of 

the Bessel functions and since these are even functions of 
l 

their orders there la no distinction between positive and nega- 

tive orders*  These circumstances permit of the isolation of 

a In an angular distribution factor* 

If in (3) »• vrlte R (ar) for R to represent either 

Ia(mr) or Kg(mr) depending on whether the potential inside or 

outside la intended, we may write a representative pair of 

terms of the complete steady state mode function aa follows: 

It will be noted that the © dependent factor of 

(21+) is simply periodic with • periods per 2TT angle.  Rede-* 

fine it aa follows: 
• 

a€^%be"^=CHs (25,        j 

where H is a periodic function of unit amplitude to be de- 

fined explicitly and C, an external conatant to specify mag- 

nitude.  The moat general case will be that in which a, b, C 

and Hg are complex.  If we designate the left side of (25) by 

f, the square of lta absolute value is: 

tf •= ctOL-t-bb + abe   -ra.be (26) 

i 
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Let a « rj  (exp(io~;)   end  b • r (•xp(i6"2)  r^,   r2»   end<T 

u 2  being reel positive  numbers'(?6)   becomes 

if -r,Vri
1-H2.r;^cos(<r(-<rl+-2,se) (27) 

When  cos   ( ^-^ +2S©       )  • 1,   corresponding to the 

angle        ©„, - & ("V*".) 

this  expression takes  the  maximum value 

f^fM=(r( + rz)
2 (28) 

If we now temporarily let C • 1 and normsllee (28) to unit 

amplitude, r, and r^ must satisfy the condition 

r, + ri*\ (29) \ 

2 
This condition suggests the use of r. • cos h and x 
p 

r? • sin h, where h is a single real assignable constant. 

These forms have the added advantage that as h is varied, each 

has s maximum value of unity and h may have any value what- 

ever*  Mow reinstating C, 

Let us examine the wave-functions corresponding to some 

snecific value of h.  If for example, h « 0 and f,  • 0, the 

coefficients of the exponentials in H  are 1 and 0.  If 

h • 0 and G~ 1  • TT , they are -1 end 0.  If h • TT/lj. and 

(T1 m   tf~2 • 0, they are each 1/2 and the whole term is cos(se )• 



t 

: 

i 
i 

n* 

And physical value may be described by a suitable choice of 

Tt will be seen by examining (?1|) that two superposed 

spiral waves are represented and that C" ^ and^Tg °f the K°re 

explicit form (30) of the angular or fluting factor may serve 

to rotate these solrals about the jet axis by amounts which may 

be arbitrarily chosen to meet any requirements.  Such latitude 

will In general be required in solving a specific quantitative 

problem; but for the physical picture, which is the object of 

this report, it la simplest to adopt an origin for the coordi- 

nates z  and 6  , for which these quantities are tero.  The flut- 

ing factor then la: 

Hs = co5
ike"e + S'"'-Ke-"      (31) 

50 

To recapitulate,   the  ootentlal   (2l±)  written in  terms 

of the  fluting factor  (30)   or  its  specialised form (31)   and 

the external  constant C  is now written: 

V=  CRsCmr) H4CK^U*t-cm«> (32) I 

It should be borne in mind that this Is only a representative 

component part of a complete mode function, but that H is 

a factor common to all such components.  The classification 

and description of the modes is baaed on the properties of H . 

If a series of 2a apertures be disposed around the 

periphery of the notale and pulsations in alternately opposite 

phases injected into the jet stream through them, the a mode 

with h • TT/I4., principally will be excited at the pulsation 

--. 

i 

—t 
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frequency.  With a apertures, all In the aame phase, the a 

mode with h • ^VU, and the a » 0 mode will be excited prin- 

cipally, both at the pulaatlon frequency.  If with 2a aper- 

tures, alternate onea are actuated by a small ateady air pres- 

sure, thus acting aa "sources" while the others are subject to 

a small ateady suction, thua acting aa "sinks", and the whole 

aperture mount rotated at the rate, f per second, the a mode 

with h • 0 will be principally excited at the frequency af. 

The aame reault may be obtained, in principle, by rotating • 

serrated mask with an aperture of the aame average diameter 

as the Jet, (provided conditlona are not auch aa to produce 

"edge" tonea). 

The fluting factor H , la not aa definite a function 

in the Jet aa in the analogous acoustic or electromagnetic 

systems.  Physically thla cornea about because no real first 

order wave la transmitted tangentlally on the Jet, and only 

along it because a local disturbance la carried by the cur- 

rent*  There la no elaatic potential energy in the device, and 

while thla phenomenon may be deacrlbed in a wave language, it 

la not very closely analogous with wavea in an elaatic medium* 

Second order effects, auch aa those neglected at the boun- 

daries (see Eqa. (8) and (15) ) tend to introduce tangential 

wavea. 

The physical picture of the componenta of perturba- 

tion wavea la clarified by examining their forma separately. 

Conatrlctlonal wavea. a « 0, Ho » 1.  In thia caae 

all disturbances are axlally symmetrical.  Thia mode describes 
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a wave of perlataltlc or eonstrlctlonal form traveling along 

the jot like beads on a string.  It may be generated by a 

pressure fluctuation In the reservoir behind the nozzle or by 

a eonstrlctlonal vibration of the periphery of the nozzle. 
r 

The waves are easily made visible in a small Jet of colored 
i 

water discharging into clear water.  To follow them by eye, 

the Jet must be slow and the pulsations of a period such as to 

produce pulses spaced at a distance of the order of the Jet 

diameter.  The "beads" grow as they travel* 
k 

The growth in amplitude shows Itself in an Increasing 

•        pinching eff uf the successive "beads" which are one wave 

I length apart.  Each bead is surrounded by the vortex sheet of 

length A , which, when separation has proceeded to a point, 

quickly rolls up into the core of a single self-propelled 

ring.  The whole system has axial symmetry. 

The secular equation applicable to this case Is: 

The equivalent of this for a two dimensional Jet is 

given by Raylelgh (Theory of Sound, Vol. II) as: 

Cosh*    q> (3U) 

Transverse waves, a » 1.  For the standing wave form, 

h • TTA» in this case, H, « COB 6 *    This describes a transverse 

displacement of the Jet section In the direction 6*0 without 

distortion of its circular form.  The r.otlor, of the Jet is then 

whiplike in the olane ©- o;TT  .  Another similar independent 

• *t 

I 
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wave In the plane 6--^- may be produced and a combination 

in proper reletlve phase and anpllLuaa gives a wave In the form 

of a spiral traveling downstream. 

•Vaves of this kind are produced experimentally In one 

Diane by a lateral vibration of the nozzle or by sound waves 

oasslng across the base of the Jet.  This Is the wave generated 

r.c "U! tic a115 in "eensi -Ive" Jets or flames which were popular 

In the latter part of the last century* 

The end effects of this type of wave Is clearly shown 

by photographs and quantitative measurements In two papers 
(1) 

by G. B. Brown*     The transverse wave grows In amplitude 

as It travels down the Jet until a point Is reached where It 

is no longer able to make the sharp turns at the wave crests. 

Rupture there occurs and half w»v« sections of the Jet are de- 

tached and thrown alternately to one side and then the other* 

Each section, as It leaves, may in the Ideal, be regarded 

Initially aa a cylindrical column of length -A- surrounded by 

a vortex sheet.  In accordance with the well-known properties 

of such a sheet, it quickly rolls outward and back on Itself at 

the leading end and inward on the trailing end to form finally 

the single core of e self-propelled vortex ring.  The succession 

of these rings and the angles of their trajectory are clearly 

brought out in Brown's photographs* 

1 
Loc. cit* 
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A aacular aquation for this mode 1<-: 

xfx-if' 

The  equivalent  of this  for  the  two dimensional   Jet 

(see  Rayleigh)   ia: 

(35) 

C05K X. ^ (Xj^)r_ 0 

SmTTx   <p (36) 

Second order mode. 8*2.  For the standing wave 

form, h • TT/lj., w * cos(20),  A circular section of the Jet 

is converted into an ellipse, which form is propagated down- 

stream with its major and minor axes changing places each 

half wave length.  This ia the lowest order in which a distor- 

tion of the section takes place* 

(37) 

Any order higher than £ • 1 has no parallel in a 

two dimensional Jet.  Higher orders describe longitudinally 

fluted corrugations which, in the standing wave form, give 

H9 • coa(s6 )•  The amplitude of this form along the Jet ia 

proportional to cos(s& )cos(mt). 

I4.. Corrugation and Propagation Modes 

The secular equation (23) is to be regarded as one 

relation between n and m f~r a fixed s.  The second relation 

required to determine both is arbitrary.  Of the infinity of 

such arbitrary relations, two are most easily susceptible of 

physical interpretation.  If, for the first of these, we define 

I 
i 

! 
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x as a real positive  amber we may easily solve for g In the 

quadratic (23)*  By rei ~r<»««e tc (3) It will be seen that In 

so doing, a sinusoidal "corrugation" of wave length X~  ^^ 

extending along the full length of the Jet Is described and 

the calculation of g (or n) constitutes a determination of Its 

change with time*  In the second case we choose g to be a real 

positive number, I.e., we specify a real frequency y~. after 

which a calculation of x from (22), now to be regarded aa 

transcendental, amounts to finding the "propagation constant" 

or "wave number," m, cf a wave In the "steady state" (not In 

the hydrodynamlcal sense) as It travels along the jet.  It is 

found that If one of these, g or x, Is real the other must In 

general be complex*  For describing "transient" behavior both 

are In general, complex* 

The propagation modes (n real) are the ones which 

naturally occur in jets*  They may easily be studied experi- 

mentally* A short discussion of corrugation modes, which 

eaanet be studied experimentally,is included as it presides 

the stability criteria used by parly writers. This also 

illustrates some mere general preperties ef possible solutleas 

•f the jet equations aad la suggestive of preperties ef 

transient behavior, the speeifle study ef which is reserved 

far another tine. 

5* Corrugations 

The solutiom ef (83) fer g gives: 

2= x rci-'Bo±'Uv-"B»G (38) 
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By reference to a table of Beesel functions It will 

be sssn that the quantity B for positive value* of x range* 

between the value* 0 and 1/2, being usually O.I4. or 0*5 for all 

value* of x except for B0, which, as X • 0, become* sero also* 

Both the real and Imaginary part* of g tend usually to be some- 

what lea* than x/2 but not equal to each other*  Note In (39) 

that the real part of g ha* the same sign a* x. We will not 

be concerned with possible negative value* of x at this tine* 

Now by definition of g, 

(3?) 
~  A. ui t. 0 

V= CRs^r)H& txf> (<•<<***>**-iw>^ {W 

A complete "steady state" corrugation potential mode function 

ia therefore represented by two term* like this, each with an 

arbitrary conatant and may be written: 

. From this, if one of these valuea be placed in 

(26) It appears that after being released, the corrugation 

moves downstream, i.e., in the direction s positive while its 

amplitude changes with time as i  travels* 

If we now reproduce (32) with the simplified nota- 

tion (39) 
B ! 
4  I 

i 
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Thia represents a wave of the fluting form H§ crc' 

rave length A=-—  propagated downstream, i.e., in the 

direction of t positive, of frequency f » »/2TT and phase 

velocity c • e»/m with an amplitude changing with tine in accord- 

ance with the parenthesis* There are therefore two components, 

one which increasss without limit in amplitude with time and 

one which decreases.  The values of these components depend on 

the initial conditions.  At time t • 0, 

v.'       c, +ct 

We now describe a hypothetical experiment.  Imagine 

an infinitely lor? jet encased in a rigid cylindrical sheath* 

The latter ;iaa corrugations which cause the Jet to conform to 

the form factor Hg and exp( -ims).  The potential Inside the 

Jet is given by (I4.2) with R. • I..  Consequently the potential 

outside is Vp * 0.  As long as this sheath remained, the flow 

would be steady and V » 0, that is, from (I4I4.): 

1 H-LM 
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If the sheath la suddenly released without at the same time 

Imparting a velocity, the aubsequont c<">urae of events is de- 

scribed by (lj.1) with the value C2 of (U5) aubatituted.  The 

initial amplitude of the two components w*"1 be equal but the 

decreeaing component will be in phase advance over the other 

by the angle of fin1 (^)- 

If we regard the condition which obtains after the 

transient effect exp(-ot ) has subsided as descriptive of the 

natural free process, then the quantity C    is both an index 

of instability (for the two dimensional Jet this is Reyleigh's 

index), from the term exp( It   ) and a relaxation tim-j - from 

jj        the term exp(-<)t ). The relaxation time measures the time 

i 

taken to build up the external field to the configuration char- 

acteristic of the freely growing wave which is independent of 

initial conditions. 

If on the other hand we wish to initiate a free pro- 

cess at the start we must make Cg • 0 by imparting an initial 

velocity at the time of removing the sheath such that from 

ikk)%-  liw+f)^, that is, It must be in phase advance by 

tdi\' "^  over the displacement. 

By the same reasoning it should, in principle be pos- 

sible to provide an initial condition which would cause the 

corrugation to suba5.de completely by imposing an initial 
e 

velocity Va= "(o-titfnj. This ia of the same magnitude as that 

producing the free wave but in phase 7T-2.tm>\ C1^) relative to it. 

The impulae causing this effeot would be such as to annul the 

internal field in a time measured by t     . 

. 
2 
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It would thus appear that regardless of the relative 

values of C->   and Cj of (Ji'+), except for the critical case 

where Ci Is exactly zero, the Increasing amplitude term must 

eventually predominate end the process end !  disruption of the 

jet.  If In an experiment such as that described, the Imposi- 

tion of an Initial velocity were to be left to chance, there 

would be a vanishing probability of subsidence.  The general 

orocess is then that after release, it hesitates for a time l/J   , 

more or less, after which It proceeds on its unhampered career 

to destruction.  This phenomenon has its counterpart in the 

more important progressive waves. 

Fig. 1 gives corrugation phase velocities and stability 

or relaxation indices In convenient units aa a function of the 

dimenslonless wave  number x • ma • 2 iTa/^  •  They are de- 

scribed as follows: 

The "frequency",  m/2K   associated with any one of 
* 

these patterns, I.e., the frequency with which w»ve crests pass 

a given point is from (39) 

The corresponding phase velocity, c •» fX , ia 

This ia plotted in the upper curves of Fifc. 1 for the 

orders s • 0, 1, and 2 In units of W, the Jet speed.  With ths 

exception of the long zero order waves, they all move with a 

speed a little greater i.har. half the Jet speed, i.e., a little 

faster than that of che vortex sheet.  The higher the order 
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numcer, the more nearly they approach the speed of the vortex 

sheet.  This hypothetical phenomenon then ee«»nr to be more 

cheibcterlctic of the vortex sheet than it Is of the Jet which 

36ems not unreasonable if the Jet Is thought of in terms of a 

closely spaced succession of vortex rings. 

A simple unit for plotting J is uJ • 

-i- = /JBi— (1*8) 

This quantity is plotted in the lover curves of Fig* 1 

and it is seen to approach unity for all except the long wave 

or low frequency constrictional waves to which the Jet is 

therefore relatively stable*  When this quantity is unity the 

amplitude ratio of Increase is e in one radian or exp(Z.TT), 

about 1:?C0 per cycle.  This amounts to an almost explosive 

Increase in amplitude.  It represents the limit which a real 

Jet should approach as the viscosity approaches zero.  Viscous 

forces have a strong stabilizing influence* 

6. Wave Propagation Vodes 

Under this head we consider the description of waves 

propagated along the Jet as a result of a perturbing forcn 

localized at some point or within a definite region on the Jet* 

This Is the type of wave always present to some small extent 

at least, in real Jets*  It is subject to direct experimental 

study* 

The s mode will be considered separately to be driven 
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at some point at the reel frequency f • n/?. TT which for the 

present will be assumed to be positive.  It remains th> n to 

find tha possible values of a> from the secular equation (19) 

or (23). 

It may be seen from the aaymptotic expansions of K and 
6 

I     that when mod(x)   la vary large B. approaches  l/2,   for all 

orders.     By using  the  series  expansion it may  be  found that 

the  same   limit  is  approached when mod(x)  • 0  for all  orders  ex- 

cept  for  a  •  0,   in which case  it  approaches  the value  tero. 

3y  placing   these   limiting values   In  (23)   and solving  for x  It 

Is   found 

or 

X^=  fllltA.1 and X0* = $ 

W^tl*U and        VA0l = fr 

(1+9) 

To obtain values   for  intermediate   frequencies  re- 

quires   a  study  of  the general   case   (23)*     This  has net  been 

carried  out.     It  will be noted that   in the  limiting  cases  one 

pair  of   complex conjugate  roots   Is obtained with I4.50 argu- 

ments.     The K  and   I therefore  apnroach the Ker.kei  and ber,bel 

functions.     Theae,   like  the  K and  I  are  alowly varying,   non- 

fluctuating  and  it  seems  quite  likely  that  a proper study will 

show   that  the  roots  at   intermediate   frequencies  will not  be 

different  frcx  (I4.9)   by very  large   amounts.     For the present  we 

will  assume  conditionally   that  this   Is  true.     No quantitative 

use  will  be  made  of them.     *e  then write   in general 

! 
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J^ YY\  -   V ; }• 1" X (50) 

where It is understood that both 0  and c*. ere of the order 

nA' (except for e • o when n • 0) but that they are probably 

not equal except at the Units.  We may now write the complete 

propagation mode function which is analogous to (I4.I) for cor- 

rugations* 

Notice that the same propagated fluting factor H that 

occurred in the corrugations, sleo occurs in this wave.  The 

propagated wave is therefore the sum of two spiral waves chan- 

neled in opposite directions in the proportions determined by 

the nature of the generator at the drive point 1 • 0. 

X - CCRa(<et^r) +• Q~Rs (c(5-«»r)] Hs C (52) 

The perturbed component of axial velocity - -^-^   at 

this point ia then: 

l 

where as before W, is obtained when R  is replaced by I  and 
1 a • 

*2  by  Ks*     In  thls  ca8e   ifc   is  to b*  noted  that  in order to 

preserve  the  cylindrical  symmetry  assumed  so  far,   it   is  neces- 

sary  that   the   jet   iaeue  from  a flat  baffle.     This   is essentially 
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• semi-infinite system geometrically but (steady state) In- 

finite in time in contraat with the corrugation in which the 

Jet waa required to be infinitely long but semi-infinite in 

time. 

In this wave the phase velocity is nearly the same as 

W, the jet speed for all orders and is equal to it for both 

very low and high frequencies, i.e., for waves very long or 

very short compared with the Jet diameter.  Thia ia in con- 

trast with the corrugatlona which tend to move at about half 

this speed.  The maximum departure from the limiting valuea of 

velocity occurs in the neighborhood of the region where the 

wave length ia equal to the circumference of the Jet, i.e., 

where g * 1 or mod(x) » 1. 

£q. (5D shows the wave to have two components in gen- 

eral, one which increases in amplitude as it moves along the 

Jet (exDo( t) and another which decreases at the same rate. 

Provided C^ la not exactly aero, the growing component must 

ultimately predominate.  The other component is then charac- 

teristic of the peculiarities of the wave generating device. 

The free wave which la characteristic of the Jet alone la 

therefore: 

It will then be seen from (5D* that there is a tendency 

fox- the amplitude of the dlaturbance to remain nearly constant 

for a distance measured In units of l/c^ , after which the free 

rapid growth ($lj.) obtains. 3 

I 
S 
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Since there ar6 two arbitrary constants In (51) 'in 

1 -;n of course to the fluting constant "h" in H„) it is 

necessary to specify the vai^cs of two quantities of thw drive 

point to completely specify the wave.  These may be any two 

convenient indepenoent quantities such for example as the 

ootential (5?) end axial velocity (53) at that point.  In this 

respect the jet is analogous to a thin flexible spring in which, 

it will be recalled, it is necessary to give the values of the 

force and couple, or of the displacement and its slope, at a 

point ir. order to completely describe the wave.  In either case 

a sinusoidal wave obtains beyond a certain distance from the 

generator. 

It a-c-?ars from (52) and (53) that it is possible to 

adjust V0 and «0 relatively in a way as to £lve the generator 

characteristics such that a free wave is radiated immediately 

from it (Cp * 0) or such that nothing but a local disturbance 

(Ci * 0) *3 ^rBo-'-.l       •Likewise it is possible, in principle, 

t> adjust the generator (C? >> C.5 in such a wa' as to produce 

a large local disturbance near the generator, a very low ampli- 

tude wave following it and then a rapid growth at a distance* 

The quantity <X  is also in the nature of a stability 

index to be compared with o      of (39)«  It ia also in the 

nature of a relaxation index since it is a measure of the dis- 

tance the wave must travel in order for the field configuration 

to adjust itself to that of the free wave which is character- 

istic of the jet alone.  The time taken for the wave to travel 

a distance l/*  is l/cd> - 1   anH sinr.e c is of the order «« and 

! 

; 
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<\     cf the  order n/'V; X   Is of th. -^d*r l/n. or \/\    Is of 

the order n while o   is of the order ••'?.     Th« stability of 

the progressive wave is about half that of the corrugation. 

7. Vortlclty and Fragmentation 

^ The surface of the unperturbed ideal Jet is a cylin- 

drical vortex sheet of uniform strength or "circulation" W 

per unit length.  Circulation is measured by the line integral 

of velocity around a closed path of unit length, lying along 
i 

the direction of flow and including in Its area a unit length 

of the vortex sheet.  This circulation ia the same as that due 
• 

to a:: svercg* vortlclty, or curl of the vector velocity, dls- 

trlbuted over the area of the path multiplied by ita area* It 

Is sometimes convenient to think of this shear layer, which In 

idealized theory has no thickness, as a layer of Infinitesimal 

thickness X with vortlclty (density)m so that the total vortex 

strength per unit length is u>T » W. With this conception the 

layer contains fluid In actual rotation on which that on both 

! sides rolls.  In this case the Jet is enclosed by actual vor- 

tex filaments which have all the usual properties of such fila- 

ments in the non-viscous thermodynamlc&lly-lnert medium which 

we have assumed*  Since there are no external rotational forces 

acting on the medium, the substance of the vortex layer always 

contains the same particles and none can be added*  It may be 

distorted, stretched, attenuated or thickened like a membrane, 

but unlike a membrane it can be broken only along the line of 

a vortex filament.  No filament may be broken.  Thus the only 

way it Is possible for the ideal Jet to break la transversely* 

• 

! 
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We m«y presume without a desirable proof that the same proper- 

ties hold in the limit of the vortex sheet*  Thus aa long as 

we disregard viscosity, the Jet may break only into cylindrical 

section* which, under the influence of perturbation which 

causes ouv.ii fragmentation, maj be individually distorted in 

any way as long as filaments are not broken.  Experiments have 

been described above, which show this fragmentation in the case 

of orders s • o and 1. 

Experiments are always conducted with a viscous medium. 

Although, in such systems, thsre always remains a tendency to- 

wa;i a behavior as above described, there are some qualitative 

and quantitative new properties introduced by viscous forces 

which it is desirable to bear in mind.  These forces provide 

a means for vorticity to diffuse like heat from a filament, 

• thus losing rotation and imparting it to neighboring fluid* 

Neighboring circuits may under favorable circumstances, fuse 

to form larger r '..a. Again, under proper circumstances, 

a single circuit may be broken into two or more circuits* 

The equilibrium configuration of an Isolated circuit 

is a circular ring. Under the Influence of neighboring cir- 

cuits, and particularly when fusion or fragmentation occurs, 

each circuit exists In what may be described aa a state of 

"strain" and "excited" vibration. Many of these properties 

may be easily demonstrated with apparatus for making "smoke" 

rings and have been treated theoretically by Kelvin and others 

in the 1870's and 80's. A field of such circuits constitutes 

a "coupled" systeir., having modes of vibration characteristic of 

I 
? 
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the system.  The situation is in some degree    logous with 
i 

BV.  elsstlcaTly coupled system.  Such a field is in general 

not an equilibrium configuration however and the Interaction 

J*        of its "vibrations" ia pre-eminently nonlinear.  Tta analy- 

tical treatment of such fields, except statisticaliy, ia im- 

practicable except possibly in a few academic cases.  It la a 

very long step between the perturbation and its resulting 

field.  Any speculation regarding the structure of the fluc- 

tuating fltZ i  s- * termined from a almpla perturbation mod*, 

should therefore be considered at moat aa a contribution to- 

i        *bi u clarifying cert.' in pertinent questions and not generally 

as a prediction of what takes place*  Any relation between 

perturbation and terminal field must be determined by suitably 

planned future experiment* 

By analogy with the vibrations of an isolated ring. 

the zero and first order modes of the Jet may be thought of 

as "unexcited" modes since, in the ideal, the section re- 
al 

mains circular.  Similarly the second and higher order mcx* 

may be thought of as "excited," since, aa ia the case of the 

vibrating ring, the periphery la distorted.  The vortlcity is 

then concentrated locally in certain regions of the sheet* 

Th's is a favorable condition, under the action of viscous 

forces, for finer grained fragmentation, quicker decay of the 

pattern, and for fusion or fragmentation of individual circuits. 

When the Jet ia perturbed, the fluid in and around 

j        it acquires the additional small velocity components u, v, w. 

t There ia then superpo-ad on the steady vortex strength W of 
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the   she*.-*.,   two components. 

we=^-w1R=^-(\^«-yj iss) 

^--v-^=J-9(v^-v;t) (56) 
The vortex strength Is a vector, mostly directsd to 

the © direction, having the components W • <*>$ and Wt.  Since 

V contains the factor H which consists of a whole number, s, 

cf periods around the Jet, the average values around the 

periphery of theee components are W and 0.  The vortex lines 

are distorted circles lying in the cylindrical surface (to 

first orderV 

The differential equation of the vortex lines in the 

sheet are then: 

^f-^* <57)      i 
1 

and their equation z «f (©), is found by Integration.  To 

find these lines, the real or "in phase" components of V and 

o)e may be used. 

Ordinarily these curves are not of very simple form. 

For example, for the a corrugation wave (see ?q. (I4.I) ) of the 

form R8 • cos(se ) at time t 1 0 the aquation is found to be: 

mz t<xn(wi> * &glco6(*e^=0       (58) 



M 

The  motion of  the vortex  sheet  nay  be obtained  from 

(9),   (10),   (11). 

i-'(^) =-*£*- (59) 

Proa theaa and (5D» (52) It appeara that there la 

no simple correspondence between vor-ex strength and motion 

of the vortex sheet unless the specific forms of the poten- 

tials are chosen*  The relative valuea of the three velocity 

components, u, v, w, are not the same in corrugation and 

propagation waves.  For comparison the corrugation and propa- 

gation potentials for free waves obtained from (I4.I) and (51) 

are respectively: 

V- CRS (l^t^H) Hse "" exbU'*t-t02)      (62) 

in which it will be recalled, A- ^    la the corrugation 

wave length and 1^2TT the resulting frequency while n/2TT la 

the impressed drive frequency with 2TT /fl the resulting wave 

length for the propagated wave.   o    Is of about the same mag- 

nitude as wVend <* la about the same aa (3 except, In both 

cases, for s • o in the low frequency range* 
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